
JOULE LOSS DUE TO COMPRESSIBILITY 

IN A CHANNEL OF VARIABLE SECTION 

A o B o V a t a z h i n  

OF GAS 

It is  known that closed e l ec t r i c  c u r r e n t s  a r i s e  in a conducting medium moving in a non-  
un i fo rm magnet ic  field. These cu r r en t s  lead to addit ional energy  loss  and adve r se ly  af-  
fect the c h a r a c t e r i s t i c s  of magnetohydrodynamic  channels .  (The numerous  inves t iga -  
t ions  of these  effects are  dealt  with in the review [2, 3].) Eddy e lec t r i c  c u r r e n t s  a re  
also formed,  however,  when a medium flows in a un i fo rm magnet ic  field pe rpend icu la r  to the 
to the plane of motion if the channel has a va r i ab le  c ros s  sect ion and the medium is 
compres s ib l e  [1]. This  paper  is devoted to an inves t iga t ion  of some fea tu res  of these 
flows. It is a s sumed  in the ana lys i s  that the gas flows in channels  whose geomet ry  
v a r i e s  s l ightly.  

1. We cons ide r  the movement  of a conducting, nonviscous ,  and nonheat -conduct ing  gas in a plane 
channel  J x~ ~, h~(x ~ < y < h. + hz(x ~ (h.=const  > 0) in the p resence  of a un i fo rm t r a n s v e r s e  magnet ic  field 
B =0, 0, B,). We a s sume  that the induced magnet ic  field can be neglected,  the e lec t r i ca l  conductivi ty cr and 
the Hall p a r a m e t e r  ~ for e l ec t rons  a re  constant ,  and the s l id ing of ions is not s ignif icant .  We a s sume  that 
the top and bot tom wal ls  of the channel  deviate s l ight ly f rom the sur faces  y=h ,  and y= 0, respec t ive ly ,  and 
these  devia t ions  va ry  slowly along the flow. This condit ion is wr i t t en  ma themat i ca l ly  in the following way" 

hl(a~ = 8]-(x), ~h~'(*~ ~--e]*(x) (~= -~-~ ). (1.1) 

Here e =const  is a smal l  p a r a m e t e r  cha rac t e r i z ing  the deviat ion of the geomet ry  f rom a channel  of 
constant  c ro s s  sect ion and the funct ions f - ,  f + ,  and the i r  de r iva t ives  a re  of o rder  of unity.  We will a s sume  
that funct ions f -  a n d f  + a re  zero  when x = -  ~ a re  bounded when x= ~). 

Henceforth we will cons ide r  flows cha rac t e r i zed  by a un i fo rm d i s t r ibu t ion  of gasdynamic  p a r a m e t e r s  
when x = - ~ .  If the channel  c ro s s  sect ion does not change with x ~ (the flow occurs  in a channel  0 < y0< h.), 
these  un i fo rm d i s t r ibu t ions  of p a r a m e t e r s  will be p r e s e r v e d  in any c r o s s  sect ion.  In this  there  will be 
separa t ion  of the e l ec t r i c  charge in the channel ,  and the dens i ty  j of the e lec t r i c  c u r r e n t  will be zero.  

When the channel  c ros s  sect ion v a r i e s  with x ~ e lec t r i c  c u r r e n t s  a r i s e  in the moving gas (the p a r a m -  
e te r s  of which a re  nonuniform) and e l ec t romagne t i c  forces  begin to act on the gas.  If the channel  geomet ry  
sa t i s f i es  condi t ions  (1.1) the devia t ions  of the gasdynamic  p a r a m e t e r s  f rom the un i fo rm d i s t r ibu t ions  at 
x = - ~ 1 7 6  and the e l ec t r i c  c u r r e n t s  (and forces)  a r i s i n g  a re  of the o r de r  of e.  Thus,  magnetogasdynamic  equa-  
t ions  can be l i nea r i zed  w{th r e spec t  to e n e a r  the solut ion for a channel  of constant  sect ion,  which, as 
was ment ioned above, has the fo rm 

a = i ,  v = O ,  p = i ,  p = p ,  = c o n s t ,  q~ = - - g ,  j ~ = O ,  j g = O .  
(1.2) 
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Here  and hencefor th  the values  of the axial and t r a n s v e r s e  ve loci t ies  u and v re la te  to the c h a r a c t e r -  
i s t ic  veloci ty  U, the components  Jx and jy to uUB, /c  (c is the speed of light in vacuum), the e lec t r i c  poten-  
t ial  to UB,h, /c ,  the dens i ty  p and p r e s s u r e  p to p, and p, UZ(p, is the cha rac t e r i s t i c  density),  and the coord i -  
nates  x and y to the height h,. 

The solut ion of the p rob lem can be sought in the fo rm of the following se r i e s  in powers  of e : 

u = l  + s u l ( z , y )  + . . . .  

p = i  + e t ) , ( z , y )  + . . . .  
q~ = - -  g + 8q)x (x,  y) + . . . .  

v = s v l ( x , y )  + , . .  
P = P ,  - } -ep l (x ,Y)  4- . . .  

j = ejt(x, g) ~- .  �9 �9 (1.3) 

Substi tuting (1.3) in the s y s t e m  of magnetogasdynamic  equations and us ing assumpt ions  adopted for 
the f i r s t  approximat ion,  we find the following sys t em of equat ions:  

0Ul ~_ Opl 0Yl . OPl 

0pi 0ul 0vl Opl i 0pl =0 ,  

(s = W~_._~.u , M (Tp.)_,/,) {i .4) 

W -1- vl § ~ (u1-1- ay ] j  

o" Ox -- Oy 
(1.5) 

In (1.4) the f i r s t  two re la t ionsh ips  will be the pro jec t ions  of the m o m e n t u m  equation on the x-  and 
y -axes ,  the th i rd  exp re s s ion  will be  the cont inui ty equation, and the fourth the energy  equation,  accord ing  
to which the entropy of the gas is constant  within a f i r s t  approximat ion .  It follows that the .Joule d i s s ipa -  
t ion is  a quanti ty of the o rde r  of e2. 

The d imens ion l e s s  quant i t ies  s and M are  the p a r a m e t e r s  of magnetogasdynamic  in te rac t ion  and Mach 
number .  

The re la t ionsh ips  in (1.5) a re  der ived  f rom Ohm's  law and the cont inui ty equation for the e l ec t r i c  

c u r r e n t .  

It follows f rom the f i r s t  two equat ions of (1.3) and the las t  re la t ionsh ip  in (1.5) that 

no) - -  0 (o)= o,2 Oul'~ 
a~ ~ 0~ ~ ) "  (1.6) 

Here w is the vor t ic i ty .  

Since w = 0 when x = - ~ ,  then, according  to (1.6), 
can in t roduce a veloci ty  potential  

the flow in the channel will be vo r t ex - f r ee  and  we 

O0 O0 
u l =  ~ ,  v = - - - ~ - .  (1.7) 

After s imple  t r a n s f o r m a t i o n s  we obtain equat ions for  funct ions r and ~ f r o m  (1.4) - (1.5): 

. ~, 0~0 . 0~0 s M  ~" [ Oq~ -4- O 0  [ ~ O ~ l  00 .0~ ,  (i. s) 

(i. 9) 

We assume  that the channel  walls  a re  ideal i n su la to r s  and i m p e r m e a b l e  to the gas.  After l i n e a r i z a -  
t ion the boundary  condi t ions  on the wal ls  a r e  wr i t ten  in the following way: 
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aq~ ~_ ~ = 0 Oy -~x @ \ Ox -@ when y = 0 a n d y = l  

- -  = /+1 (X) whenY= i ,  8y 
aq) 
ay - - / - l ( x )  when y=0 .  

Equat ion (1.8) is  of the e l l ip t i c  type when M< 1 and of the hype rbo l i c  type when M> 1. 
l i n e a r  t heo ry ,  as  i s  known [4], is  i napp l i cab le .  

~n the c a s e  of an i n c o m p r e s s i b l e  l iquid (M=0) the function �9 i s  ha rmon ic  and is  found independent ly  
[by us ing  the boundary  condi t ions  (1.11) and (1.12)] of the r e l a t i o n s h i p s  conta in ing the e l e c t r o m a g n e t i c  
t e r m s ~  The e l e c t r i c  potent ia l  r and �9 wil l  be the r ea l  and i m a g i n a r y  p a r t s  of the ana ly t i ca l  function [here  
the bounda ry  condi t ion  (1.10) is  sa t i s f i ed ] ,  i . e . ,  

(1.10) 

(1.11) 

(1.12) 

When M ~ 1 the 

0(p.__ L = 0 ~  0(Pl Off) 
oz ay ' Oy - - -  "Yx-x" (1.13) 

Subst i tu t ing  (1.13) in s y s t e m  (1.5) we find that  J x ~ 0 ,  j y l  -= 0, i . e . ,  when M = O  the change in the 
shape  of the c r o s s  sec t ion  does  not give r i s e  to e l e c t r i c  c u r r e n t s .  This  i s  due to the fact  that  when B=cons t ,  
the  induced po ten t ia l  d i f f e r ence  in a channel  with nonconduct ing wa l l s  depends  only on the vo lume flow r a t e  
of gas ,  which does  not v a r y  along the channel  when M=0. Hence, the d e r i v e d  conclus ion  will  s t i l l  be va l id  
fo r  any (not only a slow) change in channel  shape and any (not n e c e s s a r i l y  v o r t e x - f r e e )  flow at the out let .  

To p rove  this  a s s e r t i o n  we note that  in an i n c o m p r e s s i b l e  fluid components  Jx and jy  can be wr i t t en  
in the  f o r m  [5, 2] 

] ~ - ~ + ~  - - ~ + ~ - ~ V  ' ]~=  ~ - - % - V \ - ~ - - - ~  - ' a n = 0 ,  

( ~ = r  
(1.14) 

Hence r  the  f luid c u r r e n t  funct ion.  On the channel  wa l l s  (which a r e  a s s u m e d  to be nonconducting) 
the  condi t ion  O 9 / ~ n = - f l 0  9 / 3 " r  is  fu l f i l led  (7 and n a r e  the unit  v e c t o r s  of the tangent  and no rma l  to the  wal l ) .  
The f o r m u l a t e d  curve  p r o b l e m  has  solution* ~ = c o n s t ;  hence,  it fo l lows that  j - -0.  

ff the m e d i u m  is  i n c o m p r e s s i b l e ,  the vo lume flow r a t e  G wil l  not r e m a i n  cons tant  if the shape of the 
sec t ion  changes .  When M< 1 the va lue  of G d e c r e a s e s  o r  i n c r e a s e s ,  depending on whe ther  the c r o s s - s e c -  
t ional  a r e a  F i n c r e a s e s  o r  d e c r e a s e s  along the channel~, ff the flow is supe r son i c ,  then d G / d x  > 0 when 
d F / d x >  0 and d G / d x <  0 when d F / d x <  0. Hence,  the induced potent ia l  d i f f e r ence  be tween  the bo t tom and top 
channel  wa l l s  v a r i e s  with x , a n d  th is  g ives  r i s e  to eddy e l e c t r i c  c u r r e n t s .  

The s y s t e m  of Eq. (1.8) - ( 1 . 1 2 ) ,  f r o m  which g a s d y n a m i c  and e l e c t r o m a g n e t i c  p a r a m e t e r s  a r e  d e -  
t e r m i n e d  in the  f i r s t  app rox ima t ion ,  can be so lved  with the  a id  of the F o u r i e r  t r a n s f o r m .  

2. We c o n s i d e r  a flow with weak  m a g n e t o h y d r o d y n a m i c  i n t e r ac t i on  when s<< 1. In th is  case  the 
poten t ia l  d i s t r i b u t i o n  i s  found f r o m  the we l l -known equat ion of l i n e a r  gas  d y n a m i c s ,  

( t - -  Ms) ~ T T  a_~_ = o .  (2.1) 

We a s s u m e  that  the bo t tom wal l  of the channel  is  def ined by  the equation y =0, i . e . ,  f -  -= 0. 

We f i r s t  i nves t iga t e  subsonic  f lows (62=1-MZ> 0)~ 

~Ve note that  if p a r t  of the channel  wa l l s  i s  f o r m e d  by  the e l e c t r o d e s  the solut ion 9=c ons t  in the gene ra l  
c a s e  does  not s a t i s fy  the phys i ca l  content  of the p r o b l e m .  The so lu t ion  fo r  Ju and jy  mus t  be d e r i v e d  f r o m  
a c l a s s  of funct ions not bounded c lo se  to the contact  poin ts  of the e l e c t r o d e s  and i n s u l a t o r s  and in which the 
f o r m  of the  bounda ry  condi t ions  changes .  
~The ind ica ted  change in G o c c u r s  in the  ca se  of a weak m a g n e t o g a s d y n a m i e  i n t e r ac t i on .  
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A c c o r d i n g  to t h e  a s y m p t o t i c  c o n d i t i o n  a t  x = - ~  and  t h e  a s s u m p t i o n  of a b o u n d  f o r  t h e  f u n c t i o n f  + (x) 

a t  x =  ~ we h a v e  

I ~ (~, y) I < const exp (*+x), ] ~ (x, Y) I < coust exp (v+x) when x -> --  cr ; 
] f f ) (x ,y) l~cons texp( r  x), [ d ~ ( x , y )  I ~ c o n s t e x p ( v x )  when x ~ c ~ ;  

0 < �9 < ~+. (2.2) 

E q u a t i o n s  (2 .2)  r e f l e c t  t h e  f a c t  t h a t  f u n c t i o n s  �9 and  ~ t e n d  e x p o n e n t i a l l y  to  z e r o  w.hen x--* - ~  and  

i n c r e a s e  m u c h  m o r e  s l o w l y  w h e n  x ~  ~ .  M o r e  p r e c i s e l y ,  w h e n  x--* ~ ~ i s  a l w a y s  b o u n d e d  and  t h e  p o t e n -  

t i a l  �9 v a r i e s  l i n e a r l y  w i t h  x i f f  + (x) ~ c o n s t  ~ 0 w h e n  x ~ and  b o u n d e d  if  t h e  f u n c t i o n f  + (x) a t  l a r g e  x 

o s c i l l a t e s  a b o u t  s o m e  c o n s t a n t  v a l u e .  

F o r  t he  s o l u t i o n  of s y s t e m  (2 .1)  and  ( 1 . 9 ) - ( 1 . 1 2 )  we u s e  t h e  F o u r i e r  t r a n s f o r m  

~o(y, =)-__k_l +~ ~ V2--~ --~o: 5 (x, y) exp (iax) dx (a = v -b  [v, �9 < ~ < "~+). (2.3) 

By t h e  f u n c t i o n  ~ h e r e  we m e a n  t he  f u n c t i o n s  ~(x ,  y),  q~i(x,Y), and  f +  (x). A c c o r d i n g  to  (2 .2 ) ,  ~0 wi l l  

b e  a n  a n a l y t i c a l  f u n c t i o n  of a r g u m e n t  a in  t h e  b a n d  r _  < r < r +  [6]. 

T h e  s y s t e m  of e q u a t i o n s  f o r  t h e  i m a g e s  of t h e  r e q u i r e d  f u n c t i o n s  h a s  t h e  f o r m  

dy 2 - -  dy= , ~ - -  d y e / ,  
+co 

(I)~ u ) = 0 ,  ( I ) ~  ~ ( d l * / d x ) e x p ( i u x ) d x ,  
]/ 2~._J 

~1 ~ - -  iaff) ~ --  ~ (i~(pl ~ -t- q)~ = 0 for y = 0 and y = 0. (2.4) 

H e r e  t h e  p r i m e  d e n o t e s  t h e  d e r i v a t i v e  w i t h  r e s p e c t  to  y.  

T h e  s o l u t i o n  of s y s t e m  (2 .4)  i s  g i v e n  b y  

~)o __ t (~) ch (ct6y) (plo __ it  (a) {ch (a6) ch (ay) - -  ch [a (i - -  y)] 
a6 sh (aS) a6 sh (~6) sh a 

+ i~ [sh [a (i --  y)] q- ch (a6) sh (ay) --  ch (ct6y) sh a]}. 

T h e  o r i g i n a l s  (~(x, y) and  (pl (x ,y)  a r e  found  b y  m e a n s  of  t he  i n v e r s i o n  t h e o r e m  [6] 

(2.5) 

i (D = ~1 ~ O ~ exp (-- iax) d~, ~ l -  
Yg~ 

(o<~ <**<**). 

~+i~* " 

__ _ _  r J~ (p~ exp (-- ~ax) ~ 

(2 .6 )  

r e m .  

I n t e g r a l  (2 .6)  a f t e r  s p e c i f i c a t i o n  of t h e  f u n c t i o n  t ( a )  c a n  b e  c a l c u l a t e d  b y  m e a n s  of t h e  r e s i d u e  t h e o -  

L e t  t h e  f u n c t i o n  f +  (x) h a v e  t h e  f o l l o w i n g  f o r m  (F ig .  1): 

_ ~  0 w h e n x < 0  
1r (x) --  [s in  kzwhen x > 0 

(2.7) 

H e r e  t(o~) i s  g i v e n  by  

+ r 

N/~//////i///////~ 7 

ll,'I//l/llllllllllllll/ll/I/llll/llllllll/l/lll/llllllll I~ 

t (a) iak (2 .8)  
VYs ~)  

F i g .  1 
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S u b s t i t u t i n g  (2 .8)  in to  E q s .  (2 .6 )  and  u s i n g  t h e  r e s i d u e  t h e o r e m  and  . l o r d a n ' s  ! e m m a  [7] we f ind  t h a t  

f o r  c a l c u l a t i o n  of  t h e  i n t e g r a l s  (2 .6)  w h e n  x >  0 we h a v e  to  s u m  the  r e s i d u e s  of t he  i n t e g r a n d s  in t h e  r e g i o n  

~< ~*, and  w h e n  x<  0 we h a v e  to  s u m  t h e  r e s i d u e s  in  t h e  r e g i o n  m> T*~ 

As a r e s u l t  of t h e  c a l c u l a t i o n s  we f ind :  

co 

�9 =(D* (x ,y)  2 7 k cos (nay) e x p ( - - n g x / 5 )  
~>0 ~-" ~ (-~) ~+i k~ + (.~ / ~)~ 

k X~ ~ k d:)* (x, y) --  cos (kx) ch (kSy) l 
q~ = (~* (~, y) + ~ -  ~- X.2 5 sh k5 --  k5 --'~ (2 .9)  

q)* (x,  y) t 
5 sh k sh k5 

(sin lcx [oh (kS) oh (ky)] --  ch [k (t - -  y)] - -  

--  ~ cos k x  [sh [k (i --  y)] + ch (kS) sh (kSy) sh k]} (2.10) 

E I ~  ~ ( - - t )  n e x p ( - r n : v [ x n ( y ) + ~ x n ( y ) ]  r n - -  ng 
(k 2 ~- rn~ ) s in r n 5 

17,~1 

Zn = (--1) n cos (rny) - -  cos [r n (~ - -  y)] 

~:n = sin [r n (i - -  y)] -t- (--i) n sin (rny) - -  cos (r n 5Y) sin r n (2. Ii) 

co 
X2 = E (--l)n exlO (-- qnz) [~tn (y) + ~Vn (y)] qn = n g  

(lc~ + q~) sin (q~8) *Z~X 

~t n = cos (qnS) cos (qnY) - -  cos [qn (t - -  y)] 

vn = sin [qn (t - -  y)] + cos (qnS) sin (qny) 

c~ 
k ~ / ~ n  cos (rnSy) exp (rnX) 

x<O n = l  

�9 k ( - - t ) n e x p ( r n x ) [ g n ( y ) - - ~ •  ( - - t ) n e x p ( q n x ) [ ~ n ( y ) . - - [ ~ V n ( y ) ]  
x~<l(' = - ~  n = l  (k2 + me)  sin r n 5 n~_l (k '  -Jr- qn 2) sin qn 5 

(2 .12)  

T h e  f u n c t i o n s  ~* (x, y) and  r y) g i v e n  b y  (2 .10)  a r e  t h e  p e r i o d i c  n o n d e e a y i n g  p a r t  of t h e  s o l u t i o n  at  

l a r g e  x and  due  to  s i n u s o i d a l  v a r i a t i o n  of t h e  c h a n n e l  p r o f i l e .  T h e  c u r r e n t s  ix* a n d  jy* c o r r e s p o n d i n g  to  
t h i s  p a r t  of t h e  s o l u t i o n  a r e  g i v e n  b y  t h e  f o r m u l a s  

/ .  _ o k c o ~ k ~  , [5 sh @sy)  ~h k - oh (ks) ~h (~v) + ch [k (t - -  Y)]I 
0 s n  (Ir s n  tc 

k sin kx  [ch (kSy) sh k -- oh (kS) sh (ky) - -  sh [k (i --  y)]]. 
/~* - -  5 sh (kS) sh  k 

(2 .13)  

F r o m  (2 .13 ) ,  

t h e  Ha l l  p a r a m e t e r  ft. 

T h e  J o u l e  d i s s i p a t i o n  q in  t h e  v o l u m e  of  t h e  c h a n n e l  0 < y <  1, ( N u / k ) <  x <  (N + 1) ~ / k  (N>>I) ,  c o r r e -  
s p o n d i n g  to  t h e  w a v e  h a l f l e n g t h  ~ / k ,  i s  g i v e n  b y  t h e  e x p r e s s i o n  

+ . . . .  o ,  (2 5) + + (, + sh  k(2k) _ 

§ 
q ~ ix*~ ~L sh k )" / 

o o 

t h e  d i s t r i b u t i o n  of c u r r e n t s  Jx* a n d  jy* (as d i s t i n c t  f r o m  t h e  p o t e n t i a l )  i s  i n d e p e n d e n t  of 

(2o14) 
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Rela t ionships  q(k) for  different  Mach n u m b e r s  
are  shown in F igs .  2 and 3. With i nc r ea se  in M the 
Ioule  loss  i n c r e a s e s .  The g rea tes t  i n c r e a s e  in the 
d i ss ipa t ion  q occurs  when M is c lose  to unity.  It 
should be bo rne  in mind,  however,  that the l i n e a r  
approximat ion  is l e s s  accura te  in this case .  With r e -  
duction in k the Joule d i ss ipa t ion  tends to zero, s ince 
the ra te  of change of the channel  prof i le  is  reduced.  

With i n c r e a s e  in k the Joule d i ss ipa t ion  within a 
halfwave (and in any fixed volume of the channel) i n -  
c r e a s e s .  As (2.14) shows, q--+ ~ when k ~  =o. L i n e a r  
theory  and (2.14) der ived  f rom it, however,  a re  i n -  
appl icable  at l a rge  k owing to the unbounded i n c r e a s e  
in the modulus  of the der iva t ive  f + ' ( x ) .  The fo rmal  
explanat ion of the unbounded i nc r ea se  in q when k -*  .o 
is  that reduct ion  of the wavelength 1/~k is  accompanied  
by an i n c r e a s e  in the kinet ic  energy  of the flow. 

The e l ec t r i c  c u r r e n t  l ines  in the channel  at l a rge  x a re  shown in  Fig.  4. The g rea tes t  potent ial  d i f -  
fe rence  between the bot tom and top walls  is induced in the c r o s s  sec t ions  xtN=(3/2~ x 2Nr)/k,  and the 
leas t  in X2N=(1/2~+2N~)/k (N is a l a rge  whole number ) .  In the c ros s  sec t ions  XlN the gas flow is char -  
ac te r ized  by the g rea tes t ,  and in c ros s  sec t ions  XzN by the leas t ,  volume flow ra te .  E lec t r i c  c u r r e n t  d i s t r i -  
but ion ag rees  with the ment ioned fea tu res  of the potent ial  d i s t r ibu t ion .  

3. We cons ide r  a superson ic  gas flow (M> 1). We a s sume  tha t f - (x )  ---0, s=0, fi=O, a n d f  + (x) is given 
by (2.7). By means  of the F o u r i e r  t r a n s f o r m  we find the images  ~0 and q~~ the funct ions and then the i r  
o r ig ina l s  

co+i+.* 
q) k ~ c o s  (a~y) e x p  (--  iax) da 

= - -  2~i--5 ,j (k  S - -  a 2) s i n  (ao~) ( (~ ~ M2 - -  1, 0 ~ "~_ ~ ~'* ~ ~" ~), 
--co+i-:* 

k ~ i [ c h  [a  ( t  - -  y)]  - -  cos  (c~o) c h  ( ay ) ]  e x p  ( - -  i a x )  d~  

(Pz - -  2 n i 8  ,) (1;~ - -  ct~) s h  0~ s i n  ( s o )  " "  
--cc-}.i~.* (3.1) 

Using the r e s idue  t heo rem we find 

x>0= k~ --~ ~ ( ~  k ~. k~- rn~ ' 
(3.2) 
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~Pl ~--- sin (kx) [eh [k (1 --  y)] -- cos (ko~) ch (ky)] 
x>0 (0 sh k sin (k(0) 

co 
+ 2k ~ (_:l)n+l sin(rnx) [oh [rn (t -- y)] + (--t) n+lch (rny)] 

- (k 2 -- rn 2) sh r n 
n = l  

k ~ . . . .  exp (-- q~x) ~ (y) 
-{- ~- 71 (--1) (k e + qn*") s h  (qnO)" 

(3.3) 

C~3 

q~ = 0 ,  q~l = k ( - - t )nexp(qnx)~n(y)  
x<O x<o -~ ~j (k 2 @ qn 2) sh (qno3) 

(q~ = n:t, ~ (y) =cos  [qn (I -- v)l --  ch (q~o) cos (q,~y)). (3.4) 

It w a s  a s s u m e d  in d e r i v i n g  ( 3 . 2 - ( 3 . 4 )  t h a t  k d o e s  no t  c o i n c i d e  w i t h  any  v a l u e  of r n .  

As  t h e  o b t a i n e d  f o r m u l a s  show,  t h e  v e l o c i t y  d i s t r i b u t i o n  a t  l a r g e  x d e p e n d s  not  on ly  on  t h e  " l o c a l "  
g e o m e t r y  of t h e  c h a n n e l  [ the  f i r s t  two t e r m s  in  (3 .2 ) ] ,  bu t  a l s o  on  t h e  p e r t u r b a t i o n s  w h i c h  a r e  p r o p a g a t e d ,  

a c c o r d i n g  to t h e  c h a r a c t e r i s t i c s ,  d o w n s t r e a m  f r o m  the  c r o s s  s e c t i o n  x = 0  and  a r e  r e p e a t e d l y  r e f l e c t e d  f r o m  

t h e  c h a n n e l  w a l l s  ( the  t h i r d  t e r m  in  t h i s  f o r m u l a ) .  

D e s p i t e  t he  f a c t  t h a t  t h e r e  a r e  no  v e l o c i t y  p e r t u r b a t i o n s  at  x <  0 ( the  v e l o c i t y  p e r t u r b a t i o n s  a r e  z e r o  

l e f t  of  t he  c h a r a c t e r i s t i c  y = l  - x a ) - l ) ,  t h e  e l e c t r i c  c u r r e n t s  in  t h i s  r e g i o n  d i f f e r  f r o m  z e r o .  

A c c o r d i n g  to  (3 .4 ) ,  t h e  c u r r e n t  Jx  i s  n e g a t i v e  f o r  y =  0 and  p o s i t i v e  f o r  y = l .  T h i s  i s  c o n s i s t e n t  w i th  

t h e  f a c t  t h a t  in  t h e  r e g i o n  0 < x <  1/27rk -1 t h e  p o t e n t i a l  d i f f e r e n c e  b e t w e e n  t h e  b o t t o m  and  top  w a l l s  i n c r e a s e s  
steadily with increase in Xo 

The volume flow rate G of the gas on the basis of (i. 2) and (3.2) is given by the formula 

1 
(' , ( t  when x<~O 

a = )  ~av = / t  + ~ sin (k~)/~ when x > O. 
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